Trajectories of trojan bodies
Author: Gerhard Kirchner
Abstract

As a well known fact, Jupiter can trap asteroids or other bodies near the Lagrange points L,
and Ls which form equilateral triangles with the base line Sun-Jupiter (generally Sun-Planet).
My intention is to analyze trajectories of bodies moving in the neighborhood of L4. | refer to
the article https://wmap.gsfc.nasa.gov./media/ContentMedia/lagrange.pdf where Neil J.
Cornish derives the linearized equation of motion in a corotating system with L, as origin.

| will derive the solution to this equation which leads to a superposition of two periodic
motions. One period T}, is close to the orbit period T, of the planet, T; is considerably greater.
In the 3-dimensional case, there is an additional oscillation with the period T, (see annotation
at the end of ch. Il).

A good approximation of the general solution can be obtained by a tailor series which reveals
four basic components of the movement.

The solution to the linearized equation of motion is valid only for small velocities and small
distances from L. A numeric iteration will show the limits of linearity. With a moderate
number of iteration steps, good results are found. As to elliptic planet orbits, the modifications
are small. However, the trajectory of a body in the Sun-Earth system is perturbed by Jupiter
such that no trojan can be trapped closer to L, than about 10° km over a long time.
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| Linearized equation of motion (referring to the article cited above)

dx 0 0 1 0 dx
ac| 6v, | T | 30%/4  3V3kQ%/4 o0 20 || 6v, (1.16) and (1.22),
ovy 3V3k02/4 90274  —20 0/ \dv,

where 6x and &y are the coordinates referring to L4 as origin and a frame corotating with the

Sun-Planet system (angular velocity (1) and §v,, 6v, the corresponding velocity components

L Mi—M, . o
in this system. k = ﬁ is @ mass ratio with the sun mass M;and the planet mass M,.
1 2

The eigenvalues of the matrix are

Ay =4iV2-V27K2 =23, oy =+isV2+V27K? - 23 (1.23)

Il Derivation of the solution

For simplicity, "6" will be omitted. This means that the origin of the coordinate system now is

the Lagrange point (and not the barycenter).

. . .. d
Equation of motion (notation x = d—f etc.):

X x 0 0 4 0

v _ 1Y . 1 0 0 0 _

¢ | =A@ 5 with A =7 302 02 o g0 andy = 33k (2.1)
y y yQ%2 902 -8Q 0

When A is an eigenvalue of A({)) and l_l)(/l) a corresponding eigenvector, (2.1) is solved by

- d - - -
h(2) - e* because E(h(/l) ce) =2+ (h(Q) - eM) = A(Q) - (h(2) - e?).
The general solution is a linear combination of such terms. Apart from a constant factor:

(L) = (9 — 442, 8u—7v, A(9 — 4u?), A8 — )T with u=1/Q (2.2)



Proof of (2.2):

AQ) - R(A) — A+ R(A) =7 (0,0, F (1), 0)7 with F(u) = 16* + 162 — y? + 27

F(u) = 0issolved by u = ié\/Zi y2 —23

In accordance with (1.23); the eigenvalues are:

A = iQf, A, = —iQf, A = iQg, A, = —iQg (2.3)

with f =§\/2—\/V2 —23 andg =§\/2 +y2-23 (f2+g%2=1)

(2.2) and (2.3) lead to the matrix of eigenvectors:

a a B B
R I A 0 2.4
—QBf*+iyf) —QBf*—ivf) —Q@Bg*+ivg) -QA8g*—iyg)
witha =9+ 4f%and B =9+ 4g? = 13 — 4f?
Split into real and imaginary parts:
(Ry, iy s, By) = (y + iy, Uy — iy, Uy + iy, U — it,)
a 0 0 \
with M, = (i, B, st = | o 98][0( o sf;ﬁ (2.5)
k—8ﬂf2 -0fy -804’ —ng)
(2.1) is generally solved by W(t) =Y _(r, +is,)- ﬁn et 1 and s, real.
The imaginary part of W(t) vanishes because the starting vector W(O) is real.
By a straightforward transformation, one obtains
W(t) = (ciy + cTy) cos(Qft) + (cotl; — c11,)sin(Qft)
+ (33 + cuiy) cos(Qgt) + (cutls — c3,)sin(Qgt) (2.6)
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withcy =r, + 1y, ¢; =S5, — 51,63 =13 +1,and ¢, = 54 — S3.

The coefficients 1, s,, are obsolete now such that four free parameters ¢4, ¢,, c3 and ¢,

remain. With (2.6):
W(0) = (x0, Y0, %0, Yo)T = 1ty + Colp + C3Us + Catly = M, - (€1, €, C3,C4)" (2.7)
is the starting vector which is normally given.

By inversion of M,,, one obtains:

€1 / y? + 64g° YB 0 8p Xo
o\ _1| 2vB/f 188/f (v*—144)/f YB/f | Yo (2.8)
€3 | z| —(y% + 64f?) —ay 0 —8a X0/ '
Ca —2ay/g ~18a/g —(*—144)/g —ay/g / \Yo/Q
with z = 4(144 — y?)(1 — 2f?).
C_l) = (XOJ Yo, XO/QJ yO/Q)T (29)

modifies the starting vector such that all components have the dimension of a length.

The spatial components of W(t) in (2.6) completely describe the movement of the body:

x(t) = cia cos(Qft) + c,a sin(Qft) + c3f cos(Qgt) + c,B sin(Qgt)
y(t) = (8fc; —ycy) cos(Qft) — (Bf ¢y + ycy) sin(Qf ) (2.10)
+ (8gc, — yc3) cos(Qgt) — (8gces + yc,) sin(Qgt)

Annotation:

Extending the movement in the z-direction (perpendicular to the ecliptic plane), one finds (in
GM,+GM,
R3

the linear approximation): Z = — z = —0?%z (Kepler’s law).

This leads to a harmonic z-oscillation with the angular frequency ().

Forz(0) = 0: z(¢t) = %sin Qv)



[l Examples

Data for the earth (f = 0.0045,g = 1 — 10°) and Jupiter(f = 0.08,g = 1 — 103) :

Orbit period of the planet: T = %T (Earth: 1a, Jupiter: 11.9a)

Short period of the trojan body: T; = 3 ~T

Long period : T; = ;(Earth: 222a, Jupiter: 12.4*11.9a = 147a)

Using the velocity unit v = 1% and the length unit u = 1%/9 (see 2.9):

Earth: u = 5023 km, Jupiter: u = 59492 km

(3.1)

(2.10) is valid only for small distances from L, and small velocities. The units u and v can be

considered as small in this sense.

The coefficients in (2.10) depend on the position and the velocity vector of the body at an

initial time. The description of the trajectory is easier in a (x', y')-system, rotated by 30° vs.

the (x, y)-system (fig. Ill.1b). For simplicity, the body starts on one of the axes with velocity

zero or at L, with velocity u. The planet is the earth (left figure) or Jupiter (right figure).

A max 1S the maximum distance from L.

In case of the earth, the motion
of the body mainly is an
oscillation along the x'-axis with
the long period. The zoom
reveals an additional y'-
oscillation with a small
amplitude such that the
tajectory is elliptic. In case of
Jupiter, the approximate ellipse
can be seen without zoom.

Body over 222 years
S

7 AN
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s
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Body over 147 years

s y/yl

’
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&Y .
Sun Earth X Sun Jupiter X
Vo = o] Vo= 0
Start at S(x', 0) Amax = 1.00005 * |x'| Start at S(x', 0) Amax = 1.02* |X/|
Fig. Ill.1a Fig. Il.1b




In both cases, the body starts on

the y'-axis. It needs a zoom to
distinguish S from L.

Earth: The y’-zoom shows the
oscillations with the small
period of one year.

Jupiter: The trajectory is more

Body over 222 years

v
S
L, 2zoom 200

Body over 147 years

¥
SL4 zoom 10

y

chaotic, but about 12 loops with . s Eath X . sin Soiter X
. = Vo=
the small period of about 12 Start at S(0, ) dmac=1337*ly| | Startat S, y) dmax = 81 * Iy'|
ears can be distinguished. - .
Y & Fig. I1l.2a Fig. Ill.2b
When U—O) iS directed along the Body over 222 years Body over 147 years

x'-axis, the body is deflected by
the Coriolis force (see zoom in
the rectangle) such that it
mainly moves in the opposite
direction.

dmax 1S rather great considering

the small initial velocity.

Y
é—z’;m 100
¥y

Vo (= 1)
Startat L,
Ainax = 669 * Vo / Q (= 3.4 *106 km)

v v
Sun Jupiter
Vo (=17
dimax = 42 *vo / Q (= 2.5 *108 km)

Startat L,

Fig. I1l.3a

Fig. I11.3b

When v is directed along the y'-axis, d,,,,, is considerably smaller because, in the inertial

barycenter system, the energy of the body and thus the principal axis of its orbit vary much

less.

Jupiter: Roughly 12 ellipse-like
loops can be counted, each
lasting one Jupiter period.
Earth: The 222 loops cannot
be distinguished.

In both cases it is a
superposition of an elliptic
motion (short period) and a
linear oscillation along the
x’-axis (long period).

Body over 222 years

A
Sun Earth %'

Vo (= 1™
Startat Ly,  dpa=4.0*vy/Q (= 2.0 %104 km)

Body over 147 years

kY]
Sun Jupiter '

Vo (= 1 mls)

Startat Ly  dpmax=4.0*vo/Q (= 2.4 *105 km)

Fig. Ill.4a

Fig. 11.4b




The last examples involve four different planets over a long time of 1000 years: Earth, Jupiter

and two even heavier planets replacing Jupiter. The least mass ratio (sun, planet), such that a

trojan body can be trapped, is about 24.96. In this sense, the fourth planet almost is the

heaviest possible. As the movement of the body is a superposition of periodic oscillations, the

body moves within an area with distinct limits.

Body over 1000 years

o
o
Gip, 2y

Body over 1000 years

Body over 1000 years

2

Body over 1000 years

Sun Jalpiter x “ N - X' g g
v N = ~ 1043 Sun Heavy planet Sun Heavy planet X
Sun Earth X mg/my = mg/m, = 100 mJm, = 25
Vo (=1M) mg/my = 331950 | v (= 1) Vo (=1™) on Jupiter orbit Vo (=1M) on Jupiter orbit
Startat L, Startat L, Startat L, Startat Ly
e = 669 * v / Q (= 3.4 *105 km) Amax = 42 * v/ Q (= 2.5 *106 km) A = 18 %o/ Q (= 1.1 *10 km) diax = 251 * v [ Q (= 1.5*107 km)
Fig. lll.5a Fig. 1ll.5b Fig. 1l.5¢ Fig. 111.5d

IV Structure of trajectories

The structure is revealed by transforming (2.10) from the (x, y)-system to the (x', y')-system

(rotation by 30°) and then using a taylor approximation.

Rotation:

The starting vector § = (x,, Yo, X0/, Vo/Q)7 is transformed to

q), - (xO,,yO,, uO,, UOI/Q)T W|th uO, - J'CO’/.Q and 170’ - yOI/Q

with (xo,)
Yo

Ry,

o) - 2)
Yo Yo

The matrix of coefficients in (2.10)

G

M. = (8fC2 —Ya

is transformed to M.’

Ga

R™M..

_(8fC1 + ]/CZ) 8gC4_ - )/C3

(3.1)
_ (V3 1
R = /2(_ ﬁ) (3.2)
c3f Cafs
—(8gcs + m)) (34)




Taylor approximation:

All parameters g = /1 — f2, @ =9 + 4f2, f =13 — 4f2, z = 4(144 —y?)(1 — 2f?)

andy = /27 — 16f2(1 — f2) (inversion of (2.3))
depend on f only and so does M_.'.
As f < flupiter = 0.0806 K< 1, a taylor series of f - M." makes sense.

The multiplication by f is necessary because c,~f 1 in (2.8). The result is

,_ (b 3ftray+fraz —2a, sz) 2
M, = (Zal I bt W)+ ou?) (3.5)

with

a, =(0,2,-1,0)-¢q', b, =(1,0,0,2)-¢’, a, = (0,0,0,1)-G', b, = (0,—-3,2,0)- G’

a3 =+ (-2v3,102,-60,—V3) - §', b3 = (—6,2V3,—V3,-12) - ¢ e
This leads to (;:) = (;2:) + (;z:) + (;2:) + (;i:) + 0(f?) with
(1) (;i:) =3f1 (ag) sin(fQt) (2) (;2:) = (511) cos(fQt)
(3.7)

x5 b, s o Xy :
o ()=(" Sslirrll%]g%tt)) b i(fs"(j;";ﬁ” ) @) =r (5 )sincra0

In this approximation, the trajectory is generated by the superposition of three linear

oscillations (1), (2) and (4) with a long period T; = ;—g and an elliptic motion (3) with T, = ;—g,

The major axis of the ellipse coincides with the x’-axis (center at L,) and the axis ratio is 2:1.



It is useful to consider first the case f — 0 (massless planet):

Motion (4) vanishes, (1) and (2) describe a constant motion: (3a1(; Qt) + (21 ) Fora, # 0,
1

the body runs away from L,;. Otherwise the position is fixed at (2) or, with motion (3), the

trajectory is the ellipse decribed above (shifted by term (2)).

Normal case f > 0:

Motion (1) oscillates along the x’-axis. It has a large amplitude O(f 1) such that the body is
driven (relatively) far away from L, (d,q0x > |G|, see 3.1), confirmed by the figures I11.2-4.
When term (1) does not vanish, a difference between the exact trajectory and its

approximation is not visible. This even holds if the minor term (4) is omitted.

Motions ( 2, 3, 4)
For a; = 0, term (1) vanishes.
Example: start with ' = 0 and u’ = x' = 0 (fig. IV.1a, copy of IIl.1). The exact trajectory

slightly differs from its “smoothed” approximation.

Body over 147 years Body over 147 years
Body over 147 years approximation Body over 147 years . approximation
" Y S 2y
s .
N / \\\\ //
/ -
R / X/
AN ANN4
N N .
AN N
A AN
O AN
R SO
. RN \ 22
N N
v v N v S v v _—
Sun Jupiter x Sun Jupiter x Sun Sun Jupiter

Vo=0 Vo=0 Vo (= 1M Vo (=1 M)

Start at S(x', 0) Start at S(x', 0) Startat S(x', 0), X'=2*vy/Q Startat S(x', 0), X'=2*v,/Q

o = 1.02% || A= 1% x| Aoy = 2.06 * Vo / Q (= 1.2 *10 km) A = 2.05 % Vo / Q (= 1.2 *105 km)
Fig. IV.1a Fig. IV1b Fig. IV2a Fig. IV2b

The difference between 1V2a and IV2b can only be seen by comparing the values of d,, 4.

If term (4) is omitted in this case, a pure ellipse remains. The impact of term (2) is not visible.




V_Trajectories leaving the neighborhood of L,

All figures above are based on the linearized equation of motion, valid for small velocities and
distances only. Fig. V.2a is an non-linear extension of fig. lll.1b, not only in an algebraic, but
also in a geometric sense: The body moves close to a curve and not to a straight line. In fact, S
is positioned on the L,-circle around the barycenter (or the sun, the difference is negligible).

The angular distance from L, is 10° (90°) in fig.V.2a(b).

Rotating system (x,y) and inertial system (X,,Y) Jupiter orbit: € = 0 Body: 152 years Jupiter orbit: £ = 0 Body: 218 years
y 8t=24h 8t=24h
S
4
4
\%\ X
1/ \\ S
Vs AY
/ AN
s v J & 20°
un upiter S/ i
Sun Jupitere
S | B = Barycenter Startat S angle :81 0° Startat S angle = 90°
= v 2 B . t A
S - Sun, P = Planet with vg=0 drax = 1.4 *10% km with vo=0
Fig. V.1 Fig. V.2a Fig. V.2b

For calculating such extended trajectories, a numeric iteration is needed (chapter X). The
execution will be done in the barycenter (X;,Y;) — system such that inertial forces do not
occur.

Representing the result in the rotating (x, y) —system, (X;, Y;) must be rotated back by the

angle that L, has rotated forward. Tansformation (5.1) is required (fig. V.1):

Xi ( Qt) (Qt) —sin (Qt)
(Yi) -7 (Z?j (Z)S I QE)) + (Zﬁf (Qtf) C(S)lsn(mg ) ' (;)

(x) B ( cos (t)  sin (Qt)) _ (Xl- — 1 cos (o + Qt))

y) Y; — 7 sin (¢q + Qt)

—sin (Qt) cos (Qt) (5.1)

In the case of elliptic planet orbits (next chapter), Ot must be modified by a slightly different

angular function @(t).

10




The positions of the sun, the planet and the body are updated every 24 hours. In a few cases,

the time intervall 6t is smaller. It is chosen such that using 6t or 6t/2 makes no visible

difference.

Fig. V.2a is an extension of IV.4a. The velocity is noted as v, = (v,, v,) where v, is the

azimuthal and v, the radial velocity.

Jupiter orbit: €= 0 Body: 148 years

3t= 24 h

§tan atl,
Vo= ( , O) m/s

33a

duax= 1.3 *108 km

Jupiter orbit: € =

§tart atlL,
Vo = ( vo)m/s

0 Body: 390 years
5t = 365 min

Jupiter orbit: £ = 0 Body: 624 years
5t = 365 min
fa

22a

7)410a

Fig. V.2a

Fig. V.2b

The body starts with different azimuthal velocities at Ls. The greater v,, the more distinct is

the curvature of the trajectory. In V.2b and V.2c the velocities are almost the same, but the

trajectories look very different. In both cases, the body moves around the Lagrange point L;

several times, but then it returns in V.2b whereas, in V.2c, it moves on such that the trajectory

is shaped like a horse shoe. By the way, this demonstrates that L; is an instable equilibrium

point.
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The loops around L;
are more distinct in the
adjacent angular
diagrams.

Left: Fig.V.2b,
Right: Fig. V.2c,

200

1807 L3
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Angular function

5t = 365 min

60 Ly

40
20
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years

-20

50 100 150 200 250 300 350 400

[degrees .
Angular function

A 3

3507 5t = 365 min

300

250
200
Ls
150

100

50 ‘ L

624
years

100 200 300 400 500 600 700

-50

In the corresponding figures of the Sun-Earth system, the radial amplitude is amplified by an r-

factor 10 for better visability, corresponding to the y’-zoom in chapter Ill. The minimum

velocitiy for passing Ls is less than in the case of Jupiter:

Earth orbit: ¢ = 0

Body: 223 years
8t= 24 h

r-factor: 10

§tan at L, 0
dimax = 1.8 *107 km

VO:( ,O)m/s

Earth orbit: €= 0

Body: 526 years
5t = 146 min

Startat L, r-factor: 10

Vo = (42,0)/

Earth orbit: ¢ = 0 Body: 1122 years

3t =146 min

Startat L, r-factor: 10
3

Vo= ( 0™/

Fig. V.3a

Fig. V.3b

Fig. V.3c

If the starting velocity is
purely radial, the angular
range depends much less on
the velocity.

The figures are extensions of
IV.3ab.

Considering the elliptic orbits
of Jupiter and Earth (next
chapter), the two trajectories
are hardly modified.

Jupiter orbit: € = 0 Body: 147 years

8t=24h

Earth orbit: € = 0 Body: 222 years

3t= 24 h

§tan atlL,
Vo = (0,-2000) ™/,

§tan atlL,
Vo = (0,-1500) ™/

Fig. V.4

Fig. V.5
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VI Trajectories with respect to elliptic planet orbits and perturbations

The orbits of Jupiter (¢ = 0.0487) and the earth (¢ = 0.0167) are elliptic. In the barycenter

system of the sun and the planet, the angular velocity of L, (still defined as a vertex of the

equilateral triangle Sun-planet-L,) varies. Nevertheless, L, still is an equilibrium point.

Therefore, the tajectories do not depend very much on ¢ (K 1). See the following figures:

Jupiter orbit: € = O Body: 148 years

3t=24h

Jupiter orbit: € = 0.0487 Body: 148 years
St=24h

Earth orbit: € = 0 Body: 222 years

Earth orbit: £ = 0.0167  Body: 222 years

3t=24h 3t=24h
110a 1092 166a
-
/N A
N
// \\ I// \\\
N / \
Yy v e 342
Sun Jupiter 33a Sun Jupiter
Startat L, Start at L, r-factor: 10 Startat L, r-factor: 10
Start at L. - 4 y 4 y
Voa= (a, O; s dmax = 2.5*10%km o=(1,0) "™ A= 26710 km 0=(1,0)"s dmax = 3.4 *10° km Vo= (1,0 ™, dmax = 3.5*10° km
Fig. Vl.1a Fig. VI.1b Fig. VI.2a Fig. VI.2b

The values of d.x are roughly the same, only the shapes of VI.2a and VI.2b differ near the

points of return. However, considering the perturbation by Jupiter, the differences are greater

(VI.2¢).

In fig. VI.1a - VI.2¢, the body starts in L, with a moderate azimuthal velocity v,

1m/s. The

excentricity € and the perturbation by Jupiter do not modify the trajectory very much.

Earth orbit: £ = 0.0167

Body: 222 years
§t=24h

perturbed by Jupiter

Earth orbit: ¢ = 0

Body: 222 years
st=24h

Earth orbit: £ = 0.0167

Body: 222 years
St=24h

Earth orbit: £ = 0.0167

Body: 222 years
perturbed by Jupiter

§t=24h

/’ ‘\ 111a
\ Y
Sun Earth
- . Startat S —factor: 10 . -] .
S, oo 26-100km | StrtatS)
Fig. VI.2¢c Fig. VI.3a Fig. VI.3b Fig. VI.3c
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In VI.3a - VI.3c, the body starts at S (v, = v,- = 0, angular distance from L;: 1°).

The differences are more distinct. The case S = L, is interesting (VI.4ab). Without perturbation,
L, is an equilibrium point. In VI.4a, the body is very slow (starting with 1078m/s) such that
Amax = 38 monly. Generally: vy = 0 =d,,,4, — 0. This is not true, however, considering the

perturbation by Jupiter: d,,,4, = 10° km for v, = 0 (V1.4b).

Earth orbit: £ = 0.0167  Body: 222 years Earth orbit: € = 0.0167  Body: 1000 years 10° knf| drex
3t=24h perturbed by Jupiter 3t =365 min 2 : .
940a .
20 .
18 .
16 .
14 » y
20 >
10 ;
8 |
/ AY 6 I
v Y 56a v o 833a . gap
Sun Earth Sun Earth '
2 1
v hL
Startat L, r-factor: 5  Start at L, o 20 Jo 40 so 6o 70 g0 go 100
Vo= (10°,0)m, dnax= 38 m with vo= 0 dmax= 1.1*108km
Fig. Vl.4a Fig. VI.4b Fig. VI.5

This corresponds to the gap in diagram VI.5 showing d ;4 Vs. Vo With and without

perturbation by Jupiter (red and blue dots). The green line shows the deviation from linearity.

VIl Trapping a body

Orbits of Jupiter and Body
in the barycenter system

time intervall: 9 years

Jupiter captures a body Body crosses Jupiter's orbit

different points
of timel ——

ohe force arrow per year,

Every 36 days one force arrow

time intervall: 500 vears

Jupiter's force on the body

Fig. VII.1

Fig. VII.2

Fig. VII.3
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A body approaches Jupiter from far beyond its orbit, slows 5 WB L e
down by a swing-by effect and then is trapped in a horse shoe N =

trajectory (VII.1). The same process in the non-rotating o5

barycenter system during the first 9 years in VII.2. The slow- 70

down effect essentially takes place in the red square, zoomed :z \

in VII.3. Note that the two neighbored points represent -5 upiter

different points of time. The reduction of energy in the sun o0

system is shown in VII.4. The initial energy of the body is N S

distinctly negative such that the body was bound to the sun

system before. Otherwise it could not have been captured.

Fig. VII.4

VIl 3D-Extension

The orbit planes of Earth and Jupiter do not differ very much from the ecliptic plane. The orbit

of a body, however, may vary much more. If the body does not stay in the neighborhood of L,,

the trajectory typically looks like a horseshoe in the corotating system.

Earth orbit; £ = 0.0167

Body: 332 years
dt=24h

Earth orbit: £ = 0.0167
perturbated by Jupiter

Body: 333 vears
dt=24h

A . e '
191ai25a ¥ 191ai25a )
Dim =3 Dim=3
Startat L, r,z-factor: 10 Startat L, r,z-factor: 10
Vo = (60,60,-500)M/, Angular range = 333° Vo = (60,60,-500)M/, Angular range = 333°
Fig. Vlll.1a Fig. VIIl.1b

Due to the special starting conditions, the trajectory looks more like a torus-shaped spiral

(VIIl.1a) which is modulated by Jupiter in VIII.1b.
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IX Conclusive statements

1. Exact solution of the linearized equation of motion:
a) The trajectory of a body near L, essentially is a superposition of four basic (linear or elliptic)
oscillations.

b) The maximum distance from L, of a body, starting in the neighborhood of L, with a velocity

Vg, depends on its direction. With given ml, the body stays the nearer to L, the smaller the

x'- component is.

2. Extension for a wider range of distances:
Statement 1b) holds if the x’- and y’- components of the velocity are replaced by the

azimuthal and radial ones, referring to the L;-circle.

3. Extension for elliptic planet orbits and perturbations:

a) The modifications for elliptic planet orbits are small as long as the body stays in the
neighborhood of L,.

b) The system Sun-Earth-body is distinctly perturbed by Jupiter for small velocities of the body.
A body cannot be trapped closer to L, than within a range of about 10° km over a long time.

c) This probably holds considering the perturbation caused by all planets because Jupiter’s

gravity exceeds that of the other planets by far.
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X Numeric iteration

The algorithm below is applied to three bodies (Sun, Earth and a massless trojan of the earth)
or to four bodies considering the perturbation by Jupiter. The sun can be treated like the other
bodies or its motion can be derived from that of the planets by setting the barycenter of the
system and its velocity to zero. This way, considering the principle of linear momentum, the

approximation error can be reduced.

Details: The position and velocity of each body and the force acting on it is given. This force,

depending on the position of all bodies, is updated every time interval 6t. Let FO) be the

force before such an interval.

a) Assuming a constant velocity, let each body move during the time p - §t,p < 1.

FT? is the hypothetic force at the new position.
b) Define a time dependent force ﬁ(t) = FT) + (FT? — FO)) 't

c) By integration, using ﬁ(t), one finds the approximate position and velocity of each body at

the end of the interval 6t.

d) The force Fl) on each body, measured at the approximate position, differs from 13(&).

The smaller |ﬁ(6t) o Fl)

, the better the approximation. With p = i, the least difference is

esryE
(heuristically) found. Defining the error q(6t) = %, the result is
1

q(24h) < 1075, q(2.4h) < 1077.

q(6t)~6t% means a strong tendency to zero.
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